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1. INTRODUCTION AND STATEMENT OF THEOREM 
An incidence structure is a triple (X, B, I) where X and B are disjoint sets 
and I C X x B. Members of X are called points or vertices, and elements of B 
are called blocks or lines. A simple, undirected graph is an incidence structure 
(V, E, I) where for each e E E e is incident with exactly two elements of V. 
Members of E are commonly known as edges. We shall only consider finite, 
undirected, simple graphs and as such, we will drop the adjectives. In order 
to specify the graph G, we often write V(G) as the set of vertices and E(G) as 
the set of edges. An edge e will also be denoted by (x, y) where x and y are 
the vertices incident with e. 
Let G be a graph. Two vertices x and y are said to be adjacent if and only 
if (x, y) E E(G). If x1 , . . . , xk are vertices of G, then d(x, ,..., xlc> denotes the 
set of vertices adjacent to all of the xi’s, i = I,..., k, and d(xl ,..., xk) denotes 
the cardinality of ,4(x, ,..., q). A graph G is said to be regular if and only if 
every vertex of G has the same vertex degree. Three distinct vertices are said 
to form a triangle if they are pairwise adjacent. If x, y and z form a triangle 
in G, then d(x, y, z) is called the triangle-degree of (x, y, z). A 2-&w (x; y, z) 
is a triple of vertices in G such that x is adjacent to both y and z, but y and z 
are nonadjacent; hence d(x, y, z) is the 2-claw-degree of (x; y, z). 
A (v, n, A, p) strongly regular graph G is a graph satisfying the following: 
0) I V(G)1 = v, 
(2) G is regular with vertex degree n, 
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(3) G is edge-regular with edge-degree X and 
(4) G is nonedge-regular with nonedge-degree p. 
A strongly regular graph is an (r, k, t)-strongly regular graph if u = (l/t) 
(r - l)(k - l)(k - t) + r(k - 1) + 1, n = r(k - l), h = (t - 1)fr - 1) -I- 
k - 2 and p = rt. The linegraph L(D) of an incidence structure D is a graph 
whose vertex set consists of the blocks of D, and two vertices are adjacent 
if and only if there exists a point x E X such that x is incident with both blocks 
in 1). The linegraph of a projective plane has been characterized by Dowling 
and Laskar [5]. We prove a theorem characterizing the linegraph of an 
affine space. 
THEOREM. If G is a (q, k, q)-strongly regular graph satisfying thefollowing: 
(Al) q 3 4, 
V4 k > ihi& - 1) + q(q + W - % -t- 2% 
(A3) for every triangle (A, B, C) in G, d(A, B, C) either equals q(q - 2) 
or is at least k - 3, 
(A4) for every 2-cZaw (A; B, C) in G, d(A, B, C) equals either 2(q - 1) 
or 4(4 - I>, 
then G is isomorphic to the tinegraph of an c@ne space AF(q, n)- Furthermore, 
q is apower’ofprime and k = (4% - l)/(q - 1). 
It can be easily checked that the linegraph of an affine space AF’(q, n) 
is a (q, k, q) strongly regular graph satisfying axioms (Al)-(A4). However, 
Sims [S] has shown that the linegraph of a projective space PG(d - 1, q) 
is also a (q + 1, k, q + 1) strongly regular graph satisfying axioms (Al) and 
(A29. Therefore in order to characterize the linegraph of an affine space, 
we have to study the triangle-degrees and the 2-claw-degrees of the graph. 
In fact, axioms (A3) and (A4) form the bases for defining ‘“parallelism” 
among the lines in AF(q, n). We shall also discuss the cases where q = I,2 
and 3. 
2. OUTLINE OF THE PROOF 
An (r, k, t) partial geometry is an incidence structure that has the following 
properties: 
(1) every point is contained in exactly r lines, 
(2) every line contains exactly k points, 
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(3) every two distinct points are contained in at most one line, 
(4) if p is a point not on the line 8, then p is incident with exactly t points 
on. 8. 
To every partial geometry, there is associated a natural graph defined on 
the point set of the geometry: two vertices are adjacent if and only if their 
dorresponding points are incident with each other in the geometry. It can’be 
easily verified that the graph thus defined is an (r, k, t) strongly regular 
graph. Conversely, an (r, k, t) strongly regular graph is said to be geometriz- 
able if there exists an (r, k, t) partial geometry whose incidence graph is 
isomorphic to G. Not every (u, k, t) strongly regular graph is geometrizable. 
Bose [l] has given the following sufficient condition for the geometrizability of 
an (r, k, t) strongly regular graph. 
PROPOSITION 1. An (r, k, t) strongly regular graph is geometrizable if 
k > i(r(r - 1) + 1) + t(r + I)(9 - 2r + 2)). 
Based on Bose’s result, we see that if k > Q(q(q - 1) + q(q + 1) 
(q2 - 2q + 2)) then a (q, k, q) strongly regular graph is geometrizable. 
Let G be a (q, k, q) strongly regular graph satisfying axioms (Al)-(A4) 
stated in the theorem. Let n(G) denote the (q, k, q) partial geometry as- 
sociated with G. If S = {x1 ,..., xn} is a subset of V(G) such that the vertices 
in S are pairwise adjacent, then S is called a clique. S is maximal if it is not 
a proper subset of any other clique in G. A clique in G is called a grand clique 
if it is both maximal and of size at least k - (q - I)” (q - 1). From Bose’s 
Ceometrization Theorem, we observe that every two adjacent vertices A 
and B in G are contained in a unique grand clique, denoted by C(A, B). 
Since each grand clique in G corresponds to a line in n(G), we sometimes 
call a grand clique a line. Hence, if A and B are contained in a line, A and B 
are called collinear. The set of lines in G has the following property: 
'PROPOSITION 2. If G is a geometrizable (q, k, q) strongly regular graph, 
then any two distinct grand cliques in G intersect each other at a unique vertex. 
Proof. Suppose there exist two nonintersecting grand cliques in G, say 
x and y. Let A be any vertex in x. A is a vertex not in y; hence A is adjacent 
to exactly q vertices B3 ,..., B, in y. For each i, 1 ,( i < q, Bi and A determine 
a unique grand clique C(A, BJ containing A; thus, there are q distinct grand 
cliques containing A. Now x is also a grand clique containing the vertex A, 
but is distinct from the q grand cliques C(A, B,), 1 < i < q. This con- 
tradicts the fact that there are exactly q grand cliques containing A. Hence 
any two distinct grand cliques intersect at a unique point. [ 
By virtue of this proposition, we are able to adopt the notation x A y 
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for the unique point of intersection of the two grand cliques x and yb It is 
also clear that if we define the dual of the (4, k, 4) partial geometry V(G) to 
be an incidence structure P whose point set and line set are respectively the 
sets of lines and points of g(G), then every two distinct points in P determine 
a unique line and every two distinct lines intersect at at most one point. 
Buekenhout [3] showed that 
PROPOSITION 3. If 9 is an incidence structure with points, lines, cmd planes 
such that (1) every three noncollinearpoints determine a unique plane, (2) every 
plane of 9 is an afine plane, (3) there exist three noncollinear points, bid 
(4) every line contains at least four points, then B is an afine space. 
In view of this theorem, if we can establish the parallel lines and affine planes 
in P, then we will have shown that the dual of the (q, k, q) partial geometry 
n(G) is isomorphic to an affine space; hence, the (q, k, q) strongly regular 
graph is isomorphic to the linegraph of an afhne space. To this end, we study 
the geometries of the set of vertices which are adjacent to two other vertices 
in G. Throughout the rest of this paper, we shall assume that G satisfies 
axioms (Al)-(A4) in the main theorem, unless otherwise stated. 
3. TRANSVERSALS 
IXFINITION. If A and 3 are two nonadjacent vertices in 6, then u transversal 
of A and B is an element in A(A, B). If A andB are two distinct adjacent vertices 
in G, then a transversal of A and B is a vertex in A(A, B) which is not contained 
in C(A, B). 
The set of transversals of A and B is denoted by T(A, B). We shall first 
study transversals of two nonadjacent vertices. Let A and B be two nonadjacent 
vertices. For every vertex C E T(A, B), the triple (C; A, I?) is a 2-claw in G: 
It is clear that every grand clique containing either A or B contains exactly 4 
transversals of A and B. Hence if C E ?‘(A, B), then there are least 2(q - 1) 
other transversals of A and B that are adjacent to C, namely the transversals 
contained in C(A, C) and C(B, C). Thus, for any 2-claw (C; A, -fz>, 
d(c, A, f9 >, 2(q - 1). 
LEMMA 4. Let A and B be any two nonadjacent vertices in G. If C und D 
are two distinct transversals of A and B, such that C is adjacent to D and 
(A, C, D) and @, C, 0) are noncollinear triples, then d(A, B, 0) = d(A, B, C)= 
4(q - 1). 
Proof. Since (A, C, 0) and (B, C, 0) are noncollinear triples, D 4 C(A, Cg 
and D $ C(B, C). From the remark above, there are 2(q - 1) transversals 
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of A and B that are adjacent to C and are contained in either C(A, C) or 
C(B, C). Now, D is a transversal of A and B which is adjacent to C and is 
distinct from these 2(q - 1) transversals; hence d(A, B, C) > 2(q - 1). By 
Axiom (A4), d(A, B, C) = & - 1). Similarly, d(A, B, D) = q(q - 1) 1 
We shall now partition the transversals of two non-adjacent vertices A 
and B in accordance to the different cliques containing either A or B. Let 
us first introduce the following notations. If A is a vertex in G, then J’(A) 
denotes the set of grand cliques containing A. Let A and B be two distinct 
vertices in G, and C E T(k, B). If x E 8’(A) u 8(B), but x # C(A, B), then 
&(A, B, C, X) = (D E T(A, B) 1 D is adjacent to C and is 
contained in x). 
and m(A, B, C, X) = [ &(A, B, C, x)[. (See Figure 1) 








B A B A 
c$x c Ex 
Figure 1. V&4, B, C,x) 
ProoJ Without loss of generality we may assume that B is contained in X. 
Since C(A, C) and x are two distinct grand cliques, they intersect each other 
at a unique point D. If D # C, then clearly D E A(A, B, C, X) and m(A, B, 
C, X) 3 1. If D = C, then C is contained in X; A is adjacent to exactly q - 1 
vertices of x other than C and we have m(A, B, C, x) = q - 1. 
To show 4 - 1 2 m(A, B, x), we only have to consider C as a vertex not 
contained in x. Since C is not in X, C is adjacent to exactly q vertices in X, 
one of which is B; hence m(A, B, C, x) < q - 1. u 
LEMEY~A 6. Let (C; A, B) be a 2-claw. If there exists a grand clique x0 in 
>(A) u 8(B) such that x0 # C(B, C), x0 # C(A, C) and m(A, B, C, x0) > 1, 
then 
ave m(A, B, C, *) = q - 1 
where the average runs over all grand cliques in f(A) U 8(B). 
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Proof. Without loss of generality, let B be contained in x0. Since 
m(A, B, C, x0) > 1, there exists a transversal D of A and 3 contained in x0 
which is adjacent to C. But both (B, C, 0) and (A, C, 0) are nonclollinear 
triples; furthermore, x0 # C(B, C) and x0 # C(A, C); hence by Lemma 4, 
4.4 B, 0 = dq - 0 
Next, we count the number of ordered pairs (x, E) where x E 8(A) u d’(B) 
such that E is a transversal of A and B, is contained in x, and is adjacent to 
C. Fixing a grand clique x, x E /(A) u f(B), there are m(A, B, C, x) choices 
of E. On the other hand, if we fix a transversal E of A and B such that E: is 
adjacent to C, then there are exactly 2 choices of x, namely C(A, E) and 
C(B, E). Since there are d(A, B, C) choices of E, we have 
The vertices A and B are nonadjacent, so the cliques containing either 
A or B are all distinct, and we have 1 /(A) u t(B)1 = 2q. Thus 
avem(A,B,C;)=q-I. 4 
From these two lemmas, we obtain 
PROPOSITION 7. Let A and B be two nonadjacent vertices in 6. If C E 
?‘(A, B) and x E 8(A) U 6’(B), then m(A, B, C, x) ~{l, q - 1). 
ProoJ Case 1. x = C(A, C) or x = C(B, C): From the proof of Lemma 5, 
we have m(A, B, C, x) = q - 1. Case 2. x + C(A, C) and x # C’(B, C): 
If m(A, B, C, x) > 1, then from the previous lemma, ave m(A, B, C, *) = 
4 - 1 where the average runs over all grand cliques in /(A) U @3). By 
Lemma 5, m(A, B, C’, x) < q - l;hencem(A,B,C,x) =q-1. 
Similar to nonadjacent vertices, we would like to study the transversals 
of two adjacent vertices A and B which are also adjacent to a fixed transversal 
CofAandB. 
LEMMA 8. Let A and B be two adjacent vertices. If C f T(A, B), then C is 
adjacent to exactly (q - l)(q - 2) other trarpversals of A and B. 
Proof. Since G is a (q, k, q)-strongly regular graph and A and B are two 
adjacent vertices, d(A, B) = k - 2 + (q - 1)“. 3ut C(A, B3 is a grand clique 
containing k - 2 vertices other than A and B, which are not transversals 
of A and B; hence 1 T(A, B)l = (q - 1)2. 
If C is a, transversal of A and B, then C $ C(A, B). Therefore, C is adjacent 
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to exactly 4 - 2 vertices in C(A, B) other than A and B. Hence, for sufficiently 
large k 
44 B, C) < I T(A, -@I - 1 + q - 2 
= (q - 1)” + q - 3 
<k-3. 
By Axiom (A3) in the theorem, d(A, B, C) = (q - 2)q. However, we have 
seen that the set d(A, B, C) n C(A, B) consists of q - 2 vertices which are 
not transversals of A and B. Hence C is adjacent to exactly (q - 2)(q - 1) 
transversals of A and B. 1 
A direct consequence of the above lemma is 
LEMMA 9. Let A and B be two adjacent vertices. If C E T(A, B), then C 
is nonadjacent to exactly q - 2 transversals of A and B. 
Again, we would like to know how these (q - l)(q - 2) transversals of 
A and B which are adjacent to C are partitioned in accordance to the various 
cliques containing A or B. 
LEMMA 10. Let A and B be two adjacent vertices in G. rf C E T(A, B), 
then ave m(A, B, C, .) = q - 2 where the average runs over all grand cliques 
in &‘(A) u t(B) - C(A, B). 
Proof. We shall count the number of ordered pairs (x, 0) where x is a 
grand clique in J(A) u J’(B) - C(A, B) and D EJ&‘(A, B, C, x). Fixing X, 
there are m(A, B, C, x) choices of D. On the other hand, if we fix a vertex 
D such that D E d(A, B, C) and D E T(A, B), then there are exactly two 
choices of x, namely C(A, 0) and C(B, 0). From Lemma 8, there are (q - 1) 
(q - 2) choices of D; hence 
c m(A, B, C, 4 = 2(q - l)(q - 2). 
z 
Since 1 f(A) u J(B) - C(A, B)I = 2(q - 1) we have ave m(A, B, C, *) = q-2. 
LEMMA 11. Let A and B be two adjacent vertices and C E T(A, B). If x is 
a grand clique in f(A) U 8(B) - C(A, B), then m(A, B, C, x) > q - 2. 
ProojI Without loss of generality, we may assume x to be a clique 
containing A. 
Case 1. x = C(A, C): Every vertex in x different from A and C, which 
is adjacent to B, is contained in &(A, B, C, x); hence m(A, B, C, x) = q - 2. 
Case 2. x # C(A, C): Since B is not contained in x, B is adjacent to q 
vertices in x, namely A, D, ,..., D, . If C is adjacent to each D( , 2 < i < q, 
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then clearly, m(A, B, C, x) > q - 2. Suppose C is nonadjacent to Ds ; let 
us consider the 2-claw (I?; C, DJ. The grand clique x contains & ; hence by 
Proposition 7, m(C, D, , B, X) equals either I or 4 - 1. Since A and 
C(B, C) A x are two distinct vertices in k(C, D, j B, x), we have m(C, D, , 
B, X) = q - 1. This means that for every i, 3 < i < 4, Di is adjacent to C. 
Consequently, m(A, B, C, x) > q - 2. 1 
From the results of Lemmas 10 and 11, we arrive at the following: 
PROPOSITION 12. Let A and B be two adjacent vertices and C E T(A, B). 
If x is a grand clique in {(A) U 4(B) - C(A, B), then C is adjacent to exactly 
q - 2 transversals of A and B which are contained in x. 
In the next proposition, we shall see how the transversals of two adjacent 
vertices A and B can be partitioned in accordance to the various grand 
cliques in G. 
PROPOSITION 13. Let A and B be two a&acent vertices. If x is a grand 
clique in G that contains neither A nor B, then there exists either none or 
exactly q - 2 transversals of A and B contained in x. 
Proof. Let C be a transversal of A and B which is contained in x. Since 
A, B and C are noncollinear, B is a transversal of A and C. Hence, by the 
previous proposition, we have m(A, B, C, X) = q - 2; that is, there are 
exactly q - 1 vertices in x including C which are adjacent to both A and B. 
But one of these 4 - 1 vertices is the vertex x A C(A, B), which is not a 
transversal of A and B. Thus there are exactly 9 - 2 transversals of R and B 
which are contained in X. 1 
Using the results concerning transversals developed in this section, we 
shall ,differentiate between two types of nonadjacencies in G and define the 
relation ‘parallelism’ accordingly. 
4. PARALLELISM 
In this section we shall establish two types of nonadjacencies in G. Let A 
and B be Lwo nonadjacent vertices in G. If C is a transversal of A and B 
and x is a grand clique in 8(A) u f(B), then by Proposition 7, m(A, B, C, x) 
equals either I or q - 1. Furthermore, for every transversal C of A and B, 
if sc # C(A, C), x # C(B, C) and m(A, B, C, x) = q - 1, then m(A, B, C,y)= 
4 - I for all y in [(A) u l(B). Thus, in differentiating the two types of 
nonadjacencies, we may assume that the function m(A, B, C, X) depends 
only on the 2-claw (C; A, B). 
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DEFJNITION. Let A and B be two nonadjacent vertices. A is parallel to B 
if and only if either A = B or there exists a transversal C of A and B such that 
m(A, B, C, x) = q - 1, where x E k’(A) U k’(B) and x $5 C(A, C), x # C(B, C). 
We shall denote the parallelism by A//B. 
First, we have to show that the relation of parallelism is independent of 
the choice of the transversal C of A and B. 
LEMMA 14. Let A and B be two nonadjacent vertices and let C E T(A, B). 
If m(A, B, C, x) = q - 1 for some grand clique x E /(A) u k’(B) and x # 
C(A, C), x # C(B, C), then B is adjacent to every vertex in x, which is distinct 
from A &zd is adjacent to C. 
Proof. The vertex C is not contained in x, so C is adjacent to exactly 4 
vertices in X, namely A, D, ,..., DQ . Since m(A, B, C, x) = q - 1, B must be 
adjacent to each Di , 2 < i < q. 1 
PROPOSITION 15. If m(A, B, C, x) = q - 1 for Some grand clique x E 
&‘(A) u t(B), x # C(A, C) and x # C(B, C), then for any transversal C 
ofAandB,m(A,B,C’,x) =q- 1. 
Proof. Without loss of generality, we may assume that x E /(A). For 
clarity, we shall denote C(B, C) by y. Let us consider the vertex C’. If C’ is 
contained in x, then clearly m(A, B, c’, x) = q - 1. Henceforth, we shall 
assume that C’ is not contained in X. 
Case 1. c’ is contained in y. Since both vertices C and c’ are contained 
in y and A is not in y, C is not contained in the clique determined by A and C’, 
so C is a transversal of A and c’. By Proposition 12, C is adjacent to exactly 
q - 2 transversals of A and C’ which are contained in X. But by the previous 
lemma, the vertex B is also adjacent to all of these q - 2 transversals of 
A and C’. Hence 
m(A,B,C’,x)&q-2>1. 
This implies that m(A, B, C’, x) = q - 1. 
Case 2. c’ is not contained in y. 
Subcase 2.1. c’ is adjacent to C. Let z denote the grand clique containing 
C and c’, and let D be the point x A z. The vertex D is contained in x and is 
adjacent to C, by Lemma 14, B is adjacent to D. Furthermore, x A C(B, C’) 
is another point contained in x and is adjacent to A, B and C’. Thus, m(A, B, 
c’, x) > 2 and hence m(A, B, c’, x) = q - 1. 
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Subcase 2.2. C’ is nonadjacent to C. Let z denote the grand clique 
zontaining B and c’. If we can show that there exists a transversal c” of A 
and B contained in z such that C” is adjacent to C, then c” is not contained in 
either x or y, and by the previous subcase, m(A, B, C”, x) = 4 - 1. But C’ 
is a vertex contained in z and not in x, by case 1, we have m(A, B, c’, X) = 
q - 1. Hence, we are left to show the existence of C”. 
Since ~$4, B, C, x) = 4 - 1 and z E t(B), m(A, B, C, z) = q - 1; this 
means that there are q - 1 transversals of A and B which are contained in z 
and are adjacent to C. Thus, C” exists and the proof is complete. # 
It is clear from this proposition that ‘parallelism’ is a well-defined relation 
on pairs ‘of nonadjacent vertices. We still have to construct the affine planes 
in the structure P defined in the previous section. Before that, let us establish 
the next two theorems concerning parallelism. 
TI-EOREM 16. Let x be a grand clique in G. If B is a vertex ifi G, not con- 
tained ilz x, then there exists a unique vertex A contained in x such that A 
is parallel to B. 
Proof. Let n(x, B) denote the number of vertices contained in x which 
are parallel to B. We shall count the number of triples (A, C, D) where A is 
a vertex in x nonadjacent to B, C is a transversal of A and B which is not 
contained in x, and D is a vertex in x adjacent to both B and C. Fixing a 
vertex A in x nonadjacent to B, there are q2 - q transversals C of A and B 
which are not contained in x. If A is parallel to B, then for every transversal 
C of A and B, m(A, B, C, x) = q - 1, that is, there are 4 - 1 choices of D. 
If A is not parallel to B, then m(A, B, C, X) = 1 and there exists a unique 
choice of D. Since there are n(x, B) vertices in x which are parallel to B, there 
are k - q - nfx, B) vertices in x which are neither adjacent nor parallel to 
B. Wence, the number of triples (A, C, D) 
= n(x, B)(q2 - q)(q - 1) + (k - q - n(x, B))(@ - 4) * 1. (1) 
Next, we consider a vertex C which is adjacent to B but is not contained 
in x, and count the number of vertices D in x which is adjacent to both B 
and C. If D # C(B, C) A X, then D is a transversal of B and 6. But by 
Proposition 13, there exists either one or exactly 4 - 1 choices of D. In 
the former case, any vertex A which is contained in X, distinct from D and 
adjacent to C, is nonadjacent to B and there are exactly q - 1 such vertices A. 
In the latter case, since there are q - 1 vertices D in x which are adjacent to 
both B and C9 there exists a unique vertex A in X, which is adjacent ot C but 
is nonadjacent to B. Thus, we see that in both cases there are q - 1 choices 
of the pairs (A, 0). Since there are q(k - 1) - q vertices C which are adjacent 
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to B and not contained in X, we obtain that the number of triples (A, C, D) 
= (4@ - 1) - 4k - 1) = q(k - Nq - 0 (3 
Equating Equations (1) and (2) we have n(x, B) = 1. Consequently, there 
exists a unique vertex in x which is parallel to the vertex B. [ 
THEOREM 17. If A and B are two distinct vertices which are parallel to C, 
then A is nonadjacent to B. 
Proof. Suppose A is adjacent to B. Since C is parallel to both A and B, 
C is a vertex not in the grand clique C(A, B). By the previous theorem, there 
exists a unique vertex in C(A, B) which is parallel to C, but this contradicts 
the fact that both A and B are parallel to C. Hence, A is nonadjacent to &. 1 
COROLLARY 18. Let x be a grand clique in G. If A is a vertex contained 
in x, then A itself is the unique vertex contained in x, which is parallel to A. 
Proof. By definition, A is parallel to itself. If there exists another vertex B 
contained in x which is parallel to A, then A and B are nonadjacent; this 
contradicts that A and B are both contained in x. 1 
5. fiFFINEPLANl3 
In this section we shall define affine planes on P, based on the notion of 
parallel lines developed in the previous section. Henceforth, two parallel 
vertices will be called p-reltaed, two adjacent vertices will be called a-related. 
For every distinct pair of vertices A and B, d&A, B) will denote the set of 
vertices that are parallel to A and are adjacent to B. Clearly, if A and B are 
parallel, then d,,(A, B) is empty. Hence, we are only interested in two 
adjacent vertices A and B. First, we shall compute the number of vertices. 
in A&A, B). 
LEMMA 19. If A and C are two adj,cent vertices, then 1 A,,(A, C)/ = q. 
ProoJ: By Theorem 16 and Corollary 18, for every grand clique x in 
8(C), there exists a unique vertex D in x which is parallel to A. Since there 
are q grand cliques in k’(C), 1 A&A, C)l = q. a 
Let us now dehne a subincidence structure (A, B, C) in P based on a 2-claw 
(C; A, B) in G such that A is parallel to B. Let 0 be a set of vertices in G: 
we define 
4Q = (X 1 x is a grand clique containing a vertex D in 01. 
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Let .??(A, B, C) = T(A, B) u fl,(A, C), and B(A, B, C) = &Y(A, B, C)). 
We shall show that B(A, B, C) is an affine plane with 9(A, B, C) as the set 
of lines of the plane and B(A, B, C) as the set of points with the obvious 
incidence relation. First, we show that 5?(A, B, C) contains the correct 
number of lines in an affine plane. 
~ROPQS~TION 20. j T(A, B, C)l = q2 + q. 
ProoJ: Since every transversal of A and B cannot be parallel to A, the 
two sets T(A, B) and a&A, C) are disjoint, thus 
: -%% B, c>l = I T(A, B)l + j O&A, C)\ = q2 + q. 
Next, we shall show that B(A, B, C) has the correct number of points in an 
affine plane. 
LEMMA 21. Let A and B be two adjacent vertices and let C E T(A, B). 
If x is a grand clique containing either A or B but not both, and x does not 
contain C, then there exists a unique vertex D in x such that D f T(A, B) 
and D is nonadjacent to C. In fact, D is the ukque vertex parallel to C. 
l+ooJ Without loss of generality, we may assume x E &(A). By Proposition 
12, m(Ag B, C, x) = q - 2, but there exist q - 1 transversals of A and B in x. 
Hence there exists a unique transversal D in x which is not adjacent to C. 
Consider the 2-claw (B; C, 0). Since x is a grand clique containing D but 
not B and there at least q - 2 vertices in x which are adjacent to both B and C, 
m(C, D, B, x) 3 q - 2. Thus, m(C!, D, 3, x) = q - 1 and C is therefore 
parallel to D. t 
LEMMA 22. Let A be parallel to B. If C E T(A, B), then Lt&A, C) = 
‘4.&K 0 
ProoJ: It suffi.ces to show that for any E E d&A, C), E is parallel to B. 
Let x be a grand clique in t(A) such that x does not contain C. Let D be a 
transversal of A and B in x such that D is adjacent to C. Furthermore, let D 
be such that D is not contained in C(B, C). (Note that at least two such D’s 
exist, because m(A, B, C, X) = q - 1 and q 2 4). Since neither ane of the 
triples (A, C, D) and (B, C, 0) is collinear, both A and B are transversals of 
the adjacent vertices C and D. 
Using the previous lemma, we see that for every grand clique y containing 
C which does not contain A or D (that is, y # C(A, C) and y i; C(D, C)), 
there exists a unique vertex A, such that A,//A and A, E T(C, D). If y contains 
the vertex B, then clearly A, = B and A, is parallel to B. If y does not contain 
the vertex B and both A, and B are parallel to A, then by Theorem 17, 
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A, and B are nonadjacent. But by the previous lemma the unique transversal 
A, of C, D which is nonadjacent to B is parallel to B. Thus, for all vertices 
E in d&4, C) such that C(E, C) # C(A, C) and C(E, C) + C(D, C), E is 
parallel to B. Hence, E E d&B, C). 
If E E d&A, C) and C(E, C) = C(A, C), then E is the unique vertex 
parallel to A and contained in C(A, C); hence E = A. Obviously, A//B; so 
E]IB and E E A&A, C). 
It remains to show that if E’ E &(A, C) such that C(E’, C) = C(D, CT), 
then E’ G A&B, C). At the beginning of the proof we have observed that 
there exists another vertex D’ which has the same Ijroperties as those of D. 
But C(D’, C) # C(D, C); hence C(E’, C) # C(D’, C) and using the same 
arguments as above, B’ E A&, C). 1 
From this lemma, we observe that 9(A, B, C) = B(B, A, C). So A and B 
are ‘equivalent’ in the sense that they can be interchanged without affecting 
the definition of P(A, B, C). 
LEMMA 23. Let E and E’ be two vertices in 9(A, B, C). Zf E//A and E’jjA, 
then E//B’. 
Proof. Since E/:1/A and E E 9’(A, B, C), E is adjacent to C. Thus, C E T 
(A, E). By Lemma 22, A&A, C) = O&E, C). But E’/lA and E’ E B(A, B, C), 
E” E Aaa(A, C). This implies that ET//E. 1 
THEOREM 24. 1 B(A, B, C)l = q2. 
PvooJ: Let us fkst compute the number of grand cliques contained in 
Wz&4 CD S’ mce the vertices in A,,(A, C) are pairwise nonadjacent, we 
have 
l44.(A, C)>l = C I 4-Ql = q2. 
EGL$,(A, C) 
Thus, if we can show that f(Ap,(A, C)) = 9(A, B, C), then we are done. 
But A&A, C) C L?(A, B, C); hence /(A&A, Cl’)) _C @(A, B, C). So we only 
have to show that 4a(A, B, C) C /(A&A, C)). 
Let x E @(A, B, C). If x E l(A,,(A, C)), then we have nothing else to 
prove. If x E t(T(A, B)), then there exists a transversal D of A and B such 
that D is contained in X. If x contains either A or B, then clearly XE /(A&A, C)). 
Henceforth we shall assume that x does not contain A or B. 
Case 1. D is adjacent to C. Since A and B are nonadjacent and both are 
adjacent to C and D, at least one of the two vertices A and B is a transversal 
of C and D. By the remark that A and B are ‘equivalent’, without loss of 
generality, we may assume that A E 7’(C, 0). By Lemma 21, there exists a 
LINJZGRAPH. OF AN AFFINE SPACE 61 
unique transversal E of C and D in x such that E/IA; that is E E dna(A, C) 
and E is contained in x. Thus, x f &l&f, C)). 
Case 2. D is nonadjacent to C. Let E denote the vertex x A C(B, C). 
Clearly, E is adjacent to both B and C. If E is adjacent to A, then E E T(A, 3) 
and E is contained in X; hence using Case 1 of the proof, x E &.!,,(A, C)), 
So we only need to show that E is adjacent to A. 
Both the vertices D and E are contained in X, so D and E are adjacent. 
But B is not contained in X; hence B E T(D, E). Let z denote the clique 
C(A, D). ClearIy z does not contain B. Thus, there exists a unique transversa1 
T of D and E in z such that T//B. Since A is the unique vertex in z which is 
parallel to B, A = T. T is adjacent to E and the proof is complete. # 
Next, we shall show that B(A, B, C) is an affine plane, 
THEOREM 25. @(A, B, C) is an a@neplane. 
Proof. We shall first show that every two distinct points in .tY(A, B, C) 
determine a unique line in P(A, B, C). Let us count the number of triples 
(x, y, L) where x and y are distinct points in B(A, B, C) and L is a line in 
Z(A, B, C) that contains both x and y. For every line L in Z?(A, B, C), L 
contains q points; hence there are q(q - 1) choices of (x, y), Since 
I ~%4, B, Cl = dq + 11, we have 
Number of triples (x, y, L) = q(q + 1) q(q - 1). (3) 
On the other hand, if we fix a pair (x, y) in B(A, B, C) and let J(x, y) 
denote the number of lines in Z(A, B, C) that contain x and y, then there 
are cf(x, y) such triples (x, y, L) where the sum runs over all ordered pairs 
of distinct points in B(A, B, C). Thus, 
Number of triples (x, y, L) = q2(q2 - 1) auef(**.> (41 
Equating Equations (3) and (4) we obtain avef(*.*) = 1. 
Since every two distinct grand cliques x and y in G intersect at a unique 
point in G, f(x, y) < 1. Hence, f(x, y) = 1, that is, every two distinct 
points in B(A, B, C) determine a unique line in Z(A, B, C>. 
Next, we will show that for every line in 9(A, B, C) and a point x not in L, 
there exists a unique line L, in 9(A, B, C) such that L, contains x and is 
parallel to L. Let us consider d&A, C). The set of parallel lines in A,,@, C) 
partitions the points in P(A, B, C). Hence, for every line L, in d&A, C) 
and every point x not in L, there exists a unique line L, containing x which 
is parallel to A. By Lemma 23 L, is parallel to L and L, E S(A, B, C). 
Consider a line L E T(A, B) and a point x in P(A, B, C) such that x is 
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not in L. If x is a point in A, then let C’ be the line determined by x and 
C(B, L); otherwise, let C’ be the line containing x and the point C(A, L). 
SJnce A and B are ‘equivalent’, without loss of generality, we may assume C’ 
to be the latter. Consider the pair (B, Cl). L is a transversal of B and C’, and x 
is a grand clique containing C’ but neither B nor L. By Lemma 21, there 
exists a unique transversal L, of B and C’ such that Lfl is contained in x and 
L,IIL. If L, is adjacent to A, then L, E T(A, B) and L, is contained in 
S’(A, B, C). So we only need to show that L, is adjacent to A. Since A//B, 
m(A, B, C, x) = q - 1, that is, every vertex in x which is adjacent to B is 
adjacent to A. Thus, L, is adjacent to A. 
Since 9(A, B, C) possesses the two properties we have derived above, 
and clearly 9(A, B, C) contains 3 noncollinear points, Y(A, B, C) is an 
affine plane and the proof is complete. f 
Thus far we have defined affine planes Y(A, B, C) on P based on a 2-claw 
(C; A, B). But in order to show that these affine planes are well-defined, we 
have to show that they are independent of the choice of the transversal C 
of A and B, and are also independent of the choice of the pair of parallel 
lines A and B in the plane. 
LEMMA 26. Let A and B be two distinct parallel vertices in G. If C and D 
are both in T(A, B), then n,,(A, C) = n..(A, D). 
ProoJ Let E E d&A, C). If E is adjacent to D, then clearly E E dga(A, D). 
If E is not adjacent to D, then E and D are parallel lines in B(A, B, C). 
Since E is also parallel to A, D is parallel to A. But this contradicts the fact 
that D E T(A, B). Hence, E E d&A, D) and d,,(A, C) C d&A, 0). By 
symmetry, a&A, D) C d&A, C) and the proof is complete. i 
By virtue of the above lemma, we may simplify the notation B(A, B, C) 
to .9’(A, B) where A and B are two distinct parallel lines. 
LEMMA 27. Let A and B be two distinct parallel lines in P. If M and N 
are two distinct parallel lines in -%‘(A, B), then 9’(A, B) = Y(M, N). 
Proof. Since B(A, B) and 9’(M, N) are both determined by the lines in 
S(A, B) and 8(M, N) respectively, we shall show that 9(A, B) = 9(&f, N). 
Case 1. M//A. By Lemma 23, any line that is parallel to A must be 
parallel to M, Similarly, any transversal of A and B must be a transversal 
‘of M and N. Thus, T(A, B) Z T(M, N). Let C E T(A, B), then C E T(M, N). 
If E E o..(A, C), then clearly E E O..(M, C). Therefore, we have Y(A, B) C 
A?(M, N). Since both A and B are in 9(M, N), by similar arguments, we 
have Z(M, N) Z -!?(A, B). Hence, S(A, B) = 9(&I, N). 
Case 2. M is adjacent to A. Clearly ME T(A, B) and A E: T(M, N). Let 
LINEGRAPH OF AN AFFINE SPACE 63 
E E ?“(A, B). If E is adjacent to M, then E is adjacent to N; hence E E T(M, N) 
and E is also contained in 9(&f, N). If E is parallel to M, then E E A,,(M, A) 
and E is also contained in B(M, N). Thus, T(A, B) C Z(M, N). 
If E E n&A, M), then E is adjacent to M. Hence E is adjacent to h? 
Thus, E E T(N, N) and T(M, N) C .9(M, N). So A,,@, M) C =Y(M, N). 
Consequently, we have B(A, mz> C 9(M, N). By Proposition 20, 
jB{A, B)/ = /,Ep(M, N). Hence, 8(A, B) = 9(&l, N). 
Based on these two lemmas, one easily sees that the affine planes P&4, la) 
defined on a pair of distinct parallel lines A and B are well-d.efined planes. 
6. PROOF OF THE THEOREM 
Let G be a geometrizable (4, k, q)-strongly regular graph and let n(G) 
denote its corresponding (4, k, q)-partial geometry. If n*(G) is the dual 
geometry of r(G), then n*(G) is a (k9 4, @-partial geometry. Let P be an 
incidence structure with the point set as the set of points in r*(G) and the 
line set as the set of lines in r*(G), then every two distinct points determine a 
unique line and every two intersecting lines intersect at a unique point. 
If, in addition, 4 2 4 and G has its triangle degrees equal to either q(q - 2) 
or to be at least k - 3, and its 2-claw degrees equal to & - 1) or 2(q - l), 
then affine planes B(A, B) can be defined on P based on any two distinct 
parallel lines A and B in P. Thus P is an incidence structure with points, 
lines and planes such that each plane is an affine plane. 
Let X, y and z be 3 noncollinear points in P. There exists a unique line L 
containing z and parallel to the line (x, y). Since z E A and z 4 (x, y}, 
e # (x, y); hence, L and (x, y> determine a unique affine plane which 
contains x, y and z. So every 3 noncollinear points in P determine a unique 
plane. 
From the above discussion, we see that P satisfies the hypotheses in 
Buekenhout’s theorem, P is therefore an affine space. Clearly the linegraph 
of P is isomorphic to the (4, k, 4) strongly regular graph G. Therefore, we have 
characterized the linegraph of an affine space. 
7. CASES WHERE CJ = I,2 AND 3. 
For the case where 4 = 1, the dual of a (1, k, 1) strongly regular graph 
consists of a singleton point, and is a trivial graph. For 4 = 2, the dual of a 
(2, k, 2) strongly regular graph is simply a complete graph on k + 1 vertices, 
If a (2, k, 2) strongly regular graph is isomorphic to the linegraph of an affine 
space A1;(2, n), then it is easily checked that k = 2” - 1. Since complete graphs 
of arbitrary size k exist, not every (2, k, 2) strongly regular graph is iso- 
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morphic to the linegraph of an alhne space AF(2, n). For 4 = 3, the Hall 
matroid on 81 points, constructed by Hall 161, has the properties that the 
linegraph of the matroid is a (3, k, 3)-strongly regular graph, and each plane 
is isomorphic to an afhne plane AF(3,2), but the matroid is not isomorphic 
to an affine sapce A&(3,3). Thus, we see that for 4 = 2 and 3, the answer 
to our characterization question is negative. 
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